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We theoretically discuss the possibility of realizing the negative refractive index in Weyl/Dirac
semimetals. We consider the Maxwell equations with the plasma gap and the chiral magnetic effect.
We study the dispersion relations of electromagnetic waves, and show that the refractive index
becomes negative at frequencies (just) below the plasma frequency. We find that axial anomaly,
or more specifically, negative magnetoresistance (electric current parallel to magnetic fields) opens
a new route to realize the negative refractive index. Reflection and transmission coefficients are
computed in a slab of Weyl/Dirac semimetals.
Introduction. Negative refraction is the phenomenon
that a light is counterintuitively refracted with a negative
refractive angle compared to a natural matter. A matter
exhibiting the negative refraction is refereed to as the
negative-index material since its refractive index indeed
becomes negative. Negative-index material has attracted
a great deal of attention since it can realize the exotic
phenomena never realized in a conventional material with
the positive refractive index such as the perfect lens [1, 2].
Negative refraction was originally discussed by Vese-
lago in Ref. [3]. He required the permittivity and perme-
ability to be negative simultaneously, and thus the ma-
terial is sometimes called the double-negative material.
Such double-negative material has been experimentally
realized by constructing an array of thin metal wires,
and split ring resonators [4]. After the first demonstra-
tion, various types of negative-index materials have been
investigated, and the negative refractive index has been
confirmed in broad regions from micro waves to optical
wavelengths [5]. Later, another mechanism not to re-
quire the double-negative permittivity and permeability
has been indicated by using magnetoelectric effect, that
is, cross polarization (magnetization) induced by mag-
netic fields (electric fields) in chiral materials [6–8], and
confirmed in experiments [9]. The new mechanism of the
negative refractive index is still interesting subject, since
it has a chance to inspire broad device applications.
In this Letter, we theoretically discuss the possibility
of realizing the negative refractive index in topological
(semi-)metals such as Weyl/Dirac semimetals. We study
the Maxwell equations in the presence of the chiral mag-
netic effect (CME) [10] with the chiral chemical potential
dynamically generated by DC parallel electric and mag-
netic fields [11]. By analyzing the dispersion relations
of electromagnetic waves, we show that the interplay be-
tween CME and the plasma gap leads to the negative
refractive index for either of right- or left-handed polar-
ization at frequencies lower than the plasma frequency.
We show that axial anomaly, or more specifically, nega-
tive magnetoresistance (electric current parallel to mag-
netic fields) opens a new route to realize the negative
refractive index. Finally, transmission coefficients in a
slab of Weyl/Dirac semimetals are computed, which can
be used to retrieve the negative refractive index in actual
experiments [12]. We use natural units in this Letter.
Chiral magnetic effect. We start with a brief review
on CME. In Weyl or Dirac fermions with nonzero chiral
chemical potential µ5, static or dyamic magnetic fields B
induces electric current because of (static) CME [10]:
jsCME = σsCMEB, (1)
where the coefficient σsCME = e
2µ5/2pi
2 is protected by
axial anomaly. For concreteness, we considered a single
Dirac fermion. In condensed matter materials named
Weyl/Dirac semimetals, Weyl or Dirac fermions exist as
low energy-excitations, and the chiral chemical potential
µ5, or equivalently, the chiral number density ρ5 can be
dynamically generated by applying uniform DC electric
and magnetic fields (E and B) via the interplay between
the chirality relaxation and the axial anomaly:
dρ5
dt
= −ρ5
τ
+
e2
4pi2
E ·B, (2)
where τ is a phenomenological relaxation time of chi-
rality. If we consider three-dimensional massless Dirac
fermion or a pair of right- and left-handed Weyl fermions,
the chiral chemical potential µ5 is given as [10]
µ5 =
3
T 2 + 3µ2/pi2
ρ5, (3)
where we assumed temperature T or chemical potential
µ ρ1/35 . Then in a steady state (dρ5dt = 0), we have [13]
µ5 =
3
T 2 + 3µ2/pi2
e2τ
4pi2
E ·B. (4)
When B in Eq. (1) is identical to DC magnetic fields
B, the dissipative current (1) gives the negative and
anisotropic B2-term to the resistivity in weak magnetic
fields satisfying ωcτ  1 with ωc being the cyclotron
frequency [11]. This is the so called negative magnetore-
sistance, and used as a signal of Weyl/Dirac fermions in
transport experiments [13, 14]. Below instead of the DC
current, we consider the AC current induced by magnetic
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2waves B with Eq. (1) and µ5 generated by DC electric
and magnetic fields. Namely, we discuss the propaga-
tion of electromagnetic waves in Weyl/Dirac semimetals
under DC electric and magnetic fields.
Furthermore, when magnetic fields B depend on time,
additional contributions may appear from induction and
magnetization currents:
jtot = jsCME + P˙ +∇×M
= σsCMEB + 2σGMEB
= σCMEB, (5)
where σGME = −e2(µ5−ε5)/6pi2, and ε5 is the energy dif-
ference in a pair of Weyl nodes, which becomes nonzero in
Weyl semimetals with inversion-symmetry breaking [15].
Such additional currents are known as the gyrotropic
magnetic effect (GME) [16] or the dynamic chiral mag-
netic effect. We here show σGME in the clean limit of
isotropic system, but it has more complicated form in
general cases such as multi-Weyl semimetals [17].
Negative refractive index. We discuss the propagation
of monochromatic electromagnetic wave (E and B) in
Weyl/Dirac semimetals under uniform DC electric and
magnetic fields (E and B). By taking CME (5) with µ5
in Eq. (4) into account, the Maxwell equations read
∇ ·
(
E +
i
ω
σGMEB
)
= 0, (6)
∇ ·B = 0, (7)
∇×E = −∂tB, (8)
∇× 1
µ0
B = ∂tE + σCMEB + jext, (9)
where E = E˜eip·x−iωt, H = H˜eip·x−iωt, and DC elec-
tric current jext = σOhmE + σsCMEB. We hereafter as-
sume that the permittivity , and permeability µ0 are
isotropic. We also assume the Drude-type permittivity:
 = 0(1−ω2p/ω2), with the plasma frequency ωp. Below
we take 0 = µ0 = 1 for simplifying expressions, but the
generalization to arbitrary 0 and µ0 is straightforward.
We neglected the chiral chemical potential generated by
electromagnetic waves: δµ5 ∼ −τ(E ·B+E ·B)/(iωτ−1)
[E ·B = 0]. This approximation is valid if ωτ  1 (the
clean limit), or amplitudes of electromagnetic waves (E
and B) are small and nonlinear terms are negligible. The
Maxwell equations are rewritten as(
ω2− p2 + σCMEt · p
)
E = 0, (10)(
ω2− p2 + σCMEt · p
)
B = 0, (11)
where ip×E = (t · p)E, and [ti]jk = −iijk. The eigen-
vectors of Eqs. (10), and (11) are helical polarizations
satisfying
ip×E± = t · p E± = ±pE±, (12)
ip×B± = t · p B± = ±pB±. (13)
The dispersion relations are given explicitly as
ωχ± = ±
√(
pχ − χσCME
2
)2
+ ω˜2p, (14)
for right- (χ = +) and left-handed helicities (χ = −),
respectively, and ω˜2p = ω
2
p − σ2CME/4. We show the dis-
persion relations (14) in three regimes: (a) σCME = 0,
(b) |σCME| < 2ωp, and (c) |σCME| > 2ωp in Fig. 1. At
σCME = 0, two polarizations are degenerate and show
the gapped dispersion relations [See Fig. 1(a)]. The elec-
tromagnetic waves become evanescent at ω < ωp and
cannot be transmitted except in thin films. This is the
usual characteristic of metals or plasmas. On the other
hand, in topological metals or plasmas, when σCME 6= 0,
the helical degeneracy is lifted, and either of them has
the negative refractive index [See Figs. 1(b) and (c)].
We can study the negative refractive index by two fol-
lowing ways. We first focus on the sign of the group
velocity vgχ and phase velocity vpχ, which are given as
vgχ =
∂ωχ+
∂pχ
=
pχ − χσCME2√(
pχ − χσCME2
)2
+ ω˜2p
, (15)
vpχ =
ωχ+
pχ
=
√(
pχ − χσCME2
)2
+ ω˜2p
pχ
. (16)
Let us consider the regime (b) |σCME| < 2ωp. In this
case, the denominator in Eq. (15) is always positive,
and vgχ has the negative sign compared to vpχ when
|pχ| < |σCME|/2, namely, when ω˜p < ωχ < ωp for ei-
ther of helicities [See Fig. 1(b)]. This negative sign is the
characteristic of the negative refractive index [7]. Next
we consider the regime (c) |σCME| > 2ωp. In this case,
the dispersion relations (14) become pure imaginary at
some momentum range and indicate unstable modes [18].
However, when we discuss transmission of electromag-
netic waves, the refractive index, that is, the (real) ω-
dependence of p is used as information of dispersion rela-
tions, in which the unstable mode does not appear. If we
restrict ourselves to real ω, gap just appears on momen-
tum at |pχ−χσCME/2| <
√
σ2CME/4− ω2p [See Fig. 1(c)].
Below the gap, the denominator in Eq. (15) is positive,
and vgχ has the negative sign compared to vpχ as seen in
Fig. 1(c). The characteristic of this regime is the lower
bound on ω to have the negative refractive index van-
ishes, that is, all lights whose frequency is lower than ωp
have the negative refractive index.
We can explicitly see the negative refractive index by
rewriting Eq. (14) into the ω-dependence of p. Eq. (14) is
the quadratic equation on p, and we obtain the refractive
index for each helicity from the positive sign solution as
nχ =
pχ+
ωχ
=
χσCME2 +
√
ω2χ − ω˜2p
ωχ
. (17)
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FIG. 1. Dispersion relations (14) in three regimes: (a) σCME = 0, (b) |σCME| < 2ωp, and (c) |σCME| > 2ωp. The first subscript
on ωχ± refers to helicities, and the second the sign in Eq. (14). When σCME 6= 0, the refractive index becomes negative in the
regions indicated by dashed boxes. The longitudinal mode is not shown in the figures, but it exists at ω = ωp, and p = 0.
Let us again consider the regime (b) |σCME| < 2ωp. When
ω˜p < ωχ < ωp, we have 0 <
√
ω2χ − ω˜2p < |σCME|/2.
Therefore the refractive index (17) is negative for either
of right- or left-handed helicity. Next we consider the
regime (c) |σCME| > 2ωp. When 0 < ωχ < ωp, we have√
σ2CME/4− ω2p <
√
ω2χ − ω˜2p < |σCME|/2, so that the
refractive index (17) is negative for either of right- or
left-handed helicity. Since the numerator of Eq. (17) is
nonzero at ωχ = 0, the refractive index (17) negatively
diverges as ωχ → 0. Even in the regime (b), although
the refractive index (17) is finite, it can take large neg-
ative values if |σCME| ∼ 2ωp. These behaviors might be
important features of our mechanism to use CME.
Two remarks are in order: (I) The helicity of negatively
refracted waves can be selected by changing the direction
of DC electric and magnetic fields from parallel (E ·B >
0) to anti-parallel (E · B < 0). This selectivity might
be useful in a practical application. (II) The frequency
region to have the negative refractive index is determined
by the plasma frequency ωp. The magnitude of ωp is
estimated from the Fermi energy of Weyl or (gapless)
Dirac nodes [19], and is typically 1-100meV. Thus the
negative refractive index originating from our mechanism
might be relevant in THz region.
Transmission coefficients. We here study the trans-
mission of electromagnetic waves in a finite slab of
Weyl/Dirac semimetals with thickness d. We consider
right- and left-handed electromagnetic waves normally
incident to the slab from the left as shown in Fig. 2, and
compute amplitudes of transmitted and reflected waves.
The transmission amplitudes can be used as experimental
observables to retrieve the negative refractive index [12].
By a similar computation with Ref. [20] at σCME 6=
0 [17], we find the surface Hall current in the clean limit:
js = ∓ i
ω
(σsCME
3
+ σGME
)
zˆ ×Eδ(z − zs), (18)
where the sign is − for the front surface (zs = 0), and
+ for the back surface (zs = d), respectively. We con-
sidered the isotropic Fermi-Dirac distribution at finite
T , µ, and µ5 as bulk distribution function to compute
Eq. (18). Considering the surface Hall current (18),
the boundary condition on magnetic fields is written as
zˆ×(BAir −BSM) = zˆ×i(σsCME/3+σGME)E/ω. Namely,
the tangential components of B˜ = B + i(σsCME/3 +
σGME)E/ω, and E are continuous at boundaries.
The electric waves Eχ = Eχ (xˆ+ iχyˆ) are given as
Eχ =

eiωz −Rχe−iωz z ≤ 0
Bχe
inχωz − Cχe−in−χωz 0 ≤ z ≤ d
Tχe
iω(z−d) d ≤ z
, (19)
where the amplitude of the incident wave is taken to be
unity, and ω is the frequency at air. The magnetic waves
are obtained from the electric waves as Bχ = p×Eχ/ω.
Then imposing the continuity conditions at z = 0, and
z = d to E, and B˜ with the helical refractive index (17),
we obtain reflection and transmission coefficients:
Rχ =
(n2 − δ2 − 1 + 2χδ) sinκn
2in cosκn+ (1 + n2 − δ2) sinκn, (20)
Tχ =
2ineχiσCMEd/2
2in cosκn+ (1 + n2 − δ2) sinκn, (21)
where n = (n+ + n−)/2 =
√
1− ω˜2p/ω2, δ = σsCME/6ω,
and κ = ωd. When µ5 = 0 (δ = 0), but ε5 6= 0,
the time-reversal symmetry is recovered, and Eqs. (20),
and (21) reproduce those in gyrotopic medium [21]. From
Eq. (21), we obtain the azimuthal angle rotation, and
ellipticity of transmitted waves as θT = (Arg T+ −
Arg T−)/2, and ηT = (1/2) sin−1(|T+|2−|T−|2)/(|T+|2+
|T−|2). In our calculation, θT = σCMEd/2 becomes con-
stant, and the direction of rotation is determined by the
sign of E ·B or ε5. The effect of CME can directly be seen
from the azimuthal rotation. The ellipticity is zero since
|T+| = |T−|. |T+| or |T−| shows the resonant behaviors
and perfect transmission if κn = pim with m being some
integers. Such behaviors are the same as those in conven-
tional metals. Similarly, we can compute the azimuthal
4z
E ·B 6= 0
0 d
Air Weyl/Dirac SM Air
R 
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js js
FIG. 2. Amplitudes of incident, reflected, and transmitted
electric waves in a slab of Weyl/Dirac semimetal (SM). The
surface Hall current is induced by the incident electric waves.
rotation, and ellipticity of reflected waves as θR = 0, and
ηR =
1
2
sin−1
4δ(n2 − δ2 − 1)
n4 + δ4 − 2n2(1 + δ2) + 6δ2 + 1
∼ −ωσsCME
3ω2p
, (22)
where we assumed ω  σsCME (δ  1) in the second
line. Eq. (22) indicates that we can directly access to the
chiral chemical potential using electromagnetic waves.
Furthermore, combing θT and ηR, we can independently
measure static and dynamic coefficients of CME (σsCME,
and σGME). Such an interesting optical property might
come from the time-reversal symmetry breaking nature
of the static CME or µ5, which can be nonzero only in
nonequilibrium (steady) states [15].
Summary. In this Letter, we have studied the negative
refractive index in Wey/Dirac semimetals. We have ana-
lyzed the Maxwell equations in the presence of CME with
the chiral chemical potential dynamically generated by
DC electric and magnetic fields. We show that the inter-
play between CME and the plasma gap leads to the nega-
tive refractive index for either of right- or left-handed po-
larization at frequencies lower than the plasma frequency.
Axial anomaly, or more specifically, negative magnetore-
sistance (electric current parallel to magnetic fields) can
be used as a physical mechanism to realize the negative
refractive index. We have also computed reflection and
transmission coefficients of right- and left-handed waves
in a slab geometry for experimental implications.
The negative magnetoresistance (electric current par-
allel to magnetic fields) plays an essential role in our
mechanism. It has recently shown that the longitudinal
negative magnetoresistance arises even in non-topological
metals [22]. It will be interesting to study the negative
refractive index in such non-topological metals.
Our analysis can directly be applied to relativistic
plasma with nonzero chiral chemical potential. It will be
interesting to study phenomenological applications of the
negative refraction to the physics of quark-gluon-plasma,
and neutron stars such as magnetars.
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Note added: After completion of this work, we found
a similar work discussing the negative refraction in Weyl
semimetals based on anomalous Hall effect [23]. Our pro-
posal might be robust compared to Ref. [23], since it does
not rely on microscopic structures of Weyl nodes, and can
be applied to both of Weyl and Dirac semimetals.
∗ hayata@phys.chuo-u.ac.jp
[1] J. B. Pendry, Phys. Rev. Lett. 85, 3966 (2000).
[2] N. Fang, H. Lee, C. Sun, and X. Zhang, Science 308,
534 (2005).
[3] V. G. Veselago, Soviet Physics Uspekhi 10, 509 (1968).
[4] R. A. Shelby, D. R. Smith, and S. Schultz, Science 292,
77 (2001).
[5] V. M. Shalaev, Nature Photonics 1, 41 EP (2007).
[6] S. Tretyakov, I. Nefedov, A. Sihvola, S. Maslovski, and
C. Simovski, JEMWA 17, 695 (2003).
[7] J. B. Pendry, Science 306, 1353 (2004).
[8] C. Monzon and D. W. Forester, Phys. Rev. Lett. 95,
123904 (2005).
[9] S. Zhang, Y.-S. Park, J. Li, X. Lu, W. Zhang, and
X. Zhang, Phys. Rev. Lett. 102, 023901 (2009).
[10] K. Fukushima, D. E. Kharzeev, and H. J. Warringa,
Phys. Rev. D78, 074033 (2008).
[11] D. T. Son and B. Z. Spivak, Phys. Rev. B88, 104412
(2013).
[12] D. R. Smith, S. Schultz, P. Markosˇ, and C. M. Soukoulis,
Phys. Rev. B 65, 195104 (2002).
[13] Q. Li, D. E. Kharzeev, C. Zhang, Y. Huang, I. Pletikosic,
A. V. Fedorov, R. D. Zhong, J. A. Schneeloch, G. D. Gu,
and T. Valla, Nat. Phys. 12, 550 (2016).
[14] X. Huang, L. Zhao, Y. Long, P. Wang, D. Chen, Z. Yang,
H. Liang, M. Xue, H. Weng, Z. Fang, X. Dai, and
G. Chen, Phys. Rev. X 5, 031023 (2015).
[15] N. P. Armitage, E. J. Mele, and A. Vishwanath, ArXiv
e-prints (2017), arXiv:1705.01111 [cond-mat.str-el].
[16] S. Zhong, J. E. Moore, and I. Souza, Phys. Rev. Lett.
116, 077201 (2016).
[17] T. Hayata, Y. Kikuchi, and Y. Tanizaki, Phys. Rev.
B96, 085112 (2017).
[18] Y. Akamatsu and N. Yamamoto, Phys. Rev. Lett. 111,
052002 (2013).
[19] S. Das Sarma and E. H. Hwang, Phys. Rev. Lett. 102,
206412 (2009).
[20] S. Zhong, J. Orenstein, and J. E. Moore, Phys. Rev.
Lett. 115, 117403 (2015).
[21] V. M. Agranovich, Y. N. Gartstein, and A. A. Zakhidov,
Phys. Rev. B 73, 045114 (2006).
[22] A. V. Andreev and B. Z. Spivak, Phys. Rev. Lett. 120,
026601 (2018).
[23] M. S. Ukhtary, A. R. T. Nugraha, and R. Saito, Journal
of the Physical Society of Japan 86, 104703 (2017).
